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Role of E1-E2 interplay in multiphonon Coulomb excitation

Alexander Volya and Henning Esbensen
Physics Division, Argonne National Laboratory, Argonne, Illinois 60439

~Received 30 May 2002; published 9 October 2002!

In this work we study the problem of a charged particle, bound in a harmonic-oscillator potential, being
excited by the Coulomb field from a fast charged projectile. Based on a classical solution to the problem and
using the squeezed-state formalism we are able to treat exactly both dipole and quadrupole Coulomb field
components. Addressing various transition amplitudes and processes of multiphonon excitation, we study
different aspects resulting from the interplay betweenE1 and E2 fields, ranging from classical dynamic
polarization effects to questions of quantum interference. We compare exact calculations with approximate
methods. Results of this work and the formalism we present can be useful in studies of nuclear reaction physics
and in atomic stopping theory.

DOI: 10.1103/PhysRevC.66.044604 PACS number~s!: 25.70.De, 42.50.Dv
kl
s
e
d
re
th
-
e

f
-
on

m

a
ia

is
h
la

x-
ro
er
v
t
ith
a
s

er
ea
re
ita
ch
n
x
nd
ar

me-
s an
ns
ear
m-
The
of

e, is
op-
ys-

n to
s its
, la-
ns

tes
tates
nic
eral-

of
xci-
cts

al
x-
ic-

to

e
the
is

rop-
nal-
s
ta-
n-
the

rtur-
ita-
I. INTRODUCTION

Recent studies of Coulomb-induced breakup of wea
bound nuclei indicate a considerable reduction of the dis
ciation probability in comparison with the prediction of th
first-order Born calculation@1#. The reduction is associate
with dynamic polarization, where the quadrupole field c
ates a polarization that influences the effects induced by
dominating electric dipole. This is a well-known phenom
enon in atomic stopping theory, where the stopping pow
for charged particles deviates from theZ2 dependence o
Bethe’s formula@2#, Z being the charge of a particle. Mea
surements, as for example, of the stopping power for prot
and antiprotons@3#, indicate the presence of aZ3 correction.
Over the years a substantial progress has been made in
suring and understanding of this phenomenon@4–10#.

In this work we consider the Coulomb excitation of
charged particle bound by a harmonic-oscillator potent
The time-dependent electric dipole (E1) and quadrupole
(E2) fields of a projectile excite the particle, and within th
approximation the quantum problem is treated exactly. T
problem has been studied in the past, starting from the c
sical treatment by Ashley, Ritchie, and Brandt@11#, followed
by quantum perturbation theory@12#, and later further per-
turbative Born terms@13,14# have also been considered. E
act numerical solutions to the time-dependent quantum p
lem have been demonstrated by Mikkelsen and Flyvbj
@15#. The use of a harmonic-oscillator model, as was pre
ously argued@13#, is justified for reasons of simplicity, and a
the same time for good quality of results in comparison w
observed stopping powers. The present work adds yet
other reason, as it demonstrates how the classical results
as @11,16# can be used to obtain exact quantum answ
Thus, the approach presented here does not involve h
numerical calculations. It presents a simple and transpa
way to understand and to treat exactly the Coulomb exc
tion of an oscillator. As an application of the presented te
nique, rather than repeating previous numerical calculatio
we concentrate on a less explored aspect of Coulomb e
tation; here the overall excitation probability, the dipole a
quadrupole transition amplitudes, and their interplay
discussed.
0556-2813/2002/66~4!/044604~10!/$20.00 66 0446
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We use a connection between classical and quantum
chanics, which is usually complex and in most cases take
approximate quasiclassical form. However, in situatio
where the dynamics of a system is determined by lin
equations of motion, with arbitrary time-dependent para
eters, the classical-to-quantum correspondence is exact.
harmonic oscillator that is driven by the time dependence
its parameters, such as mass, frequency or external forc
an example of such a situation. Most theoretical devel
ments in the field of parametric excitations of harmonic s
tems were done more than three decades ago@17–21#. De-
spite this, it is only during the past decade theorists bega
embrace the beauty of this problem and began to discus
relevance to many physical processes. Photon generation
sers@22#, quantum interference and two-photon excitatio
@23#, phase transitions, critical phenomena@24,25#, informa-
tion theory @26#, ion traps, and oriented chiral condensa
@27# are examples of recent developments. Squeezed s
that appear as solutions in parametrically driven harmo
systems, also known as two-photon coherent states, gen
ize the concept of coherent states@28# to include two-quanta
couplings in the radiation field@29,30#.

By presenting this work we further expand applications
the squeezed state formalism to problems of Coulomb e
tation. We focus our efforts on classical and quantum effe
resulting from the interplay of one-~dipole! and two-quanta
~quadrupole! couplings of an oscillator system to an extern
field. Using symmetries, we derive simple formulas for e
citation probabilities and transition amplitudes, which expl
itly show quantum interference effects and can be used
improve perturbative calculations.

This work is divided into four sections. In Sec. II, w
review the properties of harmonic-oscillator systems and
transition from a classical to a quantum description, which
based on canonical transformation. We summarize the p
erties of the parameters that describe the initial-state to fi
state transition (S matrix! and derive transition amplitude
and excitation probability relevant to the Coulomb exci
tion. Section III is dedicated to applications. Here we co
sider the classical solution and address the transition to
quantum treatment. We discuss quantum corrections, pe
bative limits, charge asymmetry, and two-phonon exc
©2002 The American Physical Society04-1
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tions. The role ofE1 and E2 interplay is emphasized in
these discussions. We summarize our findings in Sec. IV

II. PARAMETRIC EXCITATION OF COUPLED
OSCILLATOR SYSTEM

We consider a system ofN oscillators with the unper-
turbed Hamiltonian

H05(
l

S pl
2

2
1

v l
2ql

2

2 D . ~1!

These oscillators are disturbed by a time-dependent fo
Fl(t) and time-dependent frequency parametersQll 8(t)
5Ql 8 l(t), expressed by

H int~ t !5
1

2 (
l l 8

Qll 8~ t !qlql 81(
l

Fl~ t !ql . ~2!

It is assumed thatH int(t)50 in the infinite past (t→2`)
and in the infinite future (t→`). First we quantize this prob
lem in the infinite past. Here

ql5
1

A2v l

~ale
2 iv l t1al

†eiv l t!, ~3a!

pl52 iAv l

2
~ale

2 iv l t2al
†eiv l t!, ~3b!

whereal
† andal are time-independent creation and annihi

tion operators for thel th mode. For any other time we intro
duce creation and annihilation operatorsbl

†(t) andbl(t), so
that the coordinates and momenta in the Heisenberg re
sentation are

ql5
1

A2v l

@bl~ t !e2 iv l t1bl
†~ t !eiv l t#, ~4a!

pl52 iAv l

2
@bl~ t !e2 iv l t2bl

†~ t !eiv l t#. ~4b!

The operatorsb†(t) and b(t) are defined in the interactio
representation, as the time dependence due toH0 is intro-
duced explicitly in Eq.~4!. For the infinite past we have b
definition

b~2`!5a, b†~2`!5a†. ~5!

At t→1`, b(t) andb†(t) also become time independent

b~`!5b, b†~`!5b†. ~6!

The transformation from the original operatorsa anda† to
the intermediateb andb† is determined by a general Bogo
liubov transformation

bl~ t !5(
l 8

@ull 8~ t !al 81v l l 8~ t !al 8
†

#1cl~ t !. ~7!
04460
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In order to simplify the notation, we will write this in matrix
form as

b~ t !5u~ t !a1v~ t !a†1c~ t !. ~8!

The perturbationH int drives the nontrivial time depen
dence of these creation and annihilation operators,

i
d

dt
b5@b~ t !,H int#5F~ t !1Q 2~ t !b1Q 1~ t !b†, ~9!

where matrices

Q 6
l l 8~ t !5

Qll 8~ t !

2Av lv l 8

ei (v l6v l 8)t ~10!

and a vector

Fl~ t !5
Fl~ t !

A2v l

eiv l t

are introduced. TheQ 2 andQ 1 are Hermitian and symmet
ric matrices, respectively. The time dependence of the
rametersu and v, as follows from Eq.~9!, are determined
from

i
d

dt
u5Q 2u1Q 1v* , ~11a!

i
d

dt
v5Q 2v1Q 1u* , ~11b!

and

i
d

dt
c5Q 2c1Q 1c* 1F. ~12!

These equations are solved numerically with initial con
tions

u~2`!51, v~2`!50, c~2`!50, ~13!

which follow from Eq.~5!. We stress here that solving Eq
~11! and~12! is equivalent to finding a full classical solutio
to the problem. This follows from the fact that the equatio
of motion are linear, so the time dependence of a Heisenb
operator becomes identical to the time dependence o
classical analog.

A. Properties of the S matrix

In this work we will be interested only in the initial- to
final-state transition probabilities, i.e., in theS matrix that
comes from the transformation of operators,

b5ua1va†1c, b†5u* a†1v* a1c* . ~14!

The inverse transformation is

a5u†b2vTb†1c8, a†5uTb†2v†1c8* , ~15!
4-2
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where

c852u†c1vTc* . ~16!

The transformation~14! is canonical and preserves comm
tation relations so that if@al ,al 8

†
#5d l l 8 , then @bl ,bl 8

†
#

5d l l 8 ; this puts some conditions on the matricesu andv,

uu†2vv†51, uvT2vuT50, ~17a!

uu†2vTv* 51, u†v2vTu* 50. ~17b!

These linear canonical transformations, the so-called s
plectic transformations, are often encountered in class
mechanics. The generators of the above symplectic tran
mation form a group that generalizes the simple SU~1,1!
group @31–33# of a one-dimensional oscillator. In genera
any infinitesimal time evolution can be described by a lin
canonical transformation that preserves the phase spac
accordance with the Liouville’s theorem. The beauty of o
case is that the linearity remains for any period of time e
lution. This allows for an exact classical-to-quantum cor
spondence. Besides the method that we implement in
paper, the Wigner transformation@34# that establishes the
correspondence between the classical phase space dis
tion and the quantum density matrix can also be used
exactly reconstruct the quantum solution from its class
analog@35#. The application of the Wigner transformation
studies of various properties of the harmonic oscillator
been demonstrated repeatedly@26,36,37#.

B. Survival probability

Here we assume thatu, v, andc are known. Using these
we determine transition amplitudes between quantum sta
Coherent states,

ua&5e2uau2/2(
n50

`
an

An!
un&, ~18!

provide the best means for addressing this problem. In
basis, the evolution operatorU is @38#

^buUua&5A0expS 2
1

2
~ ub2u1ua2u!1

1

2
b†v~u* !21b*

2
1

2
aT~u* !21va1b†~u†!21a

2b†~u†!21c82aT~u* !21c* D . ~19!

The normalization constantA0 is determined by the com
pleteness condition

1

pNE d2Nbu^buUua&u251, ~20!

where the integration goes through both real and imagin
parts ofb. This is an important parameter, since it sets
04460
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scale of all the transitions, and it determines the probabi
to remain in the ground stateP0,05u^0uUu0&u25uA0u2. The
quantity P0,0 is given by the Gaussian integral, wherea is
set to zero for simplicity,

pN

P0,0
5E d2Nb exp$2ubu21Re~bTrb12cTb22c†rb!%.

~21!

We introduce here the matrix

r5v~u* !21, ~22!

which is a characteristic of quadrupole excitation. Besid
some trivial normalization that will be further discussed, t
matrix elementr i j is the amplitude of a single-step two
quanta excitation ofi th and j th modes. The classical tim
evolution of this matrix follows from the time evolution ofu
andv ~11!, and is given by

i
d

dt
r5rQ 2* 1Q 2r1rQ 1* r1Q 1. ~23!

This result explicitly shows thatr is a symmetric matrix
(r5rT).

The multidimensional Gaussian integral can be taken

E d2nb exp~2bTAb12sTb!5
pn

AdetA
exp~sTA21s!,

~24!

where, relevant to our case,

b5S Reb

Im b D , c5S Rec

Im cD , A5S 12Rer Im r

Im r 11Rer
D ,

~25!

s5QTc, Q5S 12Rer Im r

2Im r 2~11Rer!
D . ~26!

Because of the previously discussed properties of the Bo
liubov transformation, inversion of the matrixA is not
needed. It can be shown that2cTQA21QTc52c†c
1Re(cTr* c). This results in

P005Adet~12r†r!exp@2c†c1Re~cTr* c!#. ~27!

The survival probability in the above form unifies the rol
of E1 andE2 processes, and establishes a direct and sim
relation between the quantities of perturbation theory,r and
c, and the exact answer. There is a clear meaning of
different terms in the product~27!. The exp(2c†c) represents
the excitation of a coherent state due to the dipole inter
tion; the term Adet(12r†r) is a result of quadrupole
squeezing@27#. The remaining part exp@Re(cTr* c)# is a re-
sult of quantum interference.
4-3
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C. Transition amplitudes

Equation~19! can be used to obtain transition amplitude
Coefficients in a Taylor expansion of Eq.~19! are related to
transition amplitudes between oscillator states@27#, with
one-dimensional oscillator, for example,

^buUua&5e2(uau21ubu2)/2(
n,m

^nuUum&
~b* !nam

An!m!
. ~28!

Below we denote byu i , j ,k, . . . & the normalized state con
taining single quantum ini , j ,k, . . . oscillator modes~later
we will use directionsx, y, andz). A single-quantum excita-
tion amplitude is given by

^ j uUu0&52A0$~u†!21c8% j5A0$~c2rc* !% j , ~29!

where the subscriptj denotes a component of the vector
the brackets. Since the interaction vanishes in both the
nite past and the infinite future, the transition probabilit
are symmetric with respect to initial and final states,
agreement with general principles of quantum mechan
However, the decay amplitude from an excited one-pho
state to the ground state, which is

^0uUu j &52A0$~u* !21c* % j , ~30!

differs from the excitation amplitude by a nontrivial phas
This emphasizes the effect of quantum interference betw
dipole and quadrupole amplitudes. Setting eitherc or r to
zero restores the symmetry.

The transition amplitude from the ground state to the
cited state with two oscillator quanta, requires expansion
Eq. ~19! to the orderb2,

^ i j uUu0&5
A11d i j

2 S A0r i j 1
^ i uUu0&^ j uUu0&

A0 D . ~31!

The first term in the above equation is due to a direct qu
rupole transition, since its amplitude is directly proportion
to r. The second term describes the second-order dip
process.

For an initially excited system the transition amplitud
can be calculated in a similar manner, by expanding in b
a andb; for example,

^ i uUu j &5A0~u†! i j
211

^ i uUu0&^0uUu j &

A0
. ~32!

Tailor expansion of a Gaussian form can be used to de
Hermite polynomials, in particular, for the multivariable ca
such as Eq.~19!. This, in turn, allows for an analytic expres
sion of transition amplitudes between oscillator states. U
ful iterative relations between amplitudes that follow fro
properties of Hermite polynomials can be obtained in t
way, or alternatively, iterative relations can be derived
rectly from the properties of the evolution operator@39#.

The energy transfer, which is important for calculating t
stopping power, can be calculated using Eq.~14!. For the
excitation from the ground state, we obtain
04460
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l

v lbl
†blU0L 5(

l
v l ucl u21(

l l 8
v l uv l l 8u

2.

~33!

The above presents an average energy transfer. The en
spread can also be calculated, as in Ref.@27#.

D. One-dimensional harmonic oscillator

The special case of a one-dimensional harmonic oscilla
with time-dependent parameters has been extensively stu
previously@17–19, 40–43#. According to Eq.~27! the prob-
ability to remain in the ground state is

P005A12uru2exp$2ucu2@12urucos~fr22fc!#%,
~34!

wherefr and fc are phases ofr and c, respectively. This
agrees with the previously obtained result@17#. We will fur-
ther on encounter a one-dimensional case wherec50. Here
only even-quanta transitions are possible, and the excita
probabilities from the ground state and first excited state
2n quanta are

P0,2n5
~2n!!

22n~n! !2
uru2nA12uru2, ~35!

P1,2n115
~2n11!!

22n~n! !2
uru2n~12uru2!3/2. ~36!

III. COULOMB EXCITATION

We consider here the problem of Coulomb excitation o
particle bound in a harmonic-oscillator potential, by a pr
jectile of chargeZ. We assume that the projectile move
along a fixed trajectoryRW (t) in the x-y plane. In order to
utilize the treatment discussed above, we expand the C
lomb potential up to quadratic terms in the particle coor
nateq, namely, treating it in the dipole-quadrupole appro
mation

VCoul~ t !5
C

R3
qW •RW 1

C

2R5
@3~qW •RW !22q2R2#, ~37!

whereC5Ze2. The nonzero components ofH int defined in
Eq. ~2! are

Fx~ t !5
CRx

R3
, Fy~ t !5

CRy

R3
, ~38!

Qxx5
C

R5
~3Rx

22R2!, Qyy5
C

R5
~3Ry

22R2!,

~39!

Qxy5Qyx5
3CRxRy

R5
, Qzz52

C

R3
.

4-4
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These expressions show that the mode in the direc
perpendicular to the scattering plane is decoupled, and
excited by the quadrupole term only. Further, we assum
straight line trajectory, so thatRW (t)5(b,vt,0). This does not
simplify the problem, since our formalism can be used
any trajectory. This assumption, however, allows us to co
pare with previous results@11–13#. We introduce the follow-
ing notations:

di5
C

bvA2v i

, qi j 5
C

2b2vAv iv j

, ~40!

and

j i5
bv i

v
, ~41!

where i and j are indices referring tox, y, andz directions.
Often we will assumevx5vy5vz5v; in that case the cor
responding indices are omitted. The parametersd andq can
be viewed as dipole and quadrupole strengths, so that
ratio 1/(bA2v) determines the applicability of the multipol
expansion.

A. Perturbative treatment

Here we will discuss several approximations. The first o
is the usual approximation relevant to multipole expansion
the Coulomb field. It utilizes the smallness of the phot
wavelength as compared to the size of the system. The
two limits are the ‘‘sudden limit,’’ wherej!1, and the
‘‘adiabatic limit,’’ j@1. Finally, we will use the term Born
approximation, which corresponds to some order in the ite
tive solution of the classical equations~11! and ~12!. Since
the classical equations of motion allow here for an ex
reconstruction of the wave function, the use of this termin
ogy does not contradict its quantum notion.

All of the results in this study, such as in Eqs.~27!, ~29!,
and ~31!, are fully determined by the parametersc and r,
which may be referred to as shift~dipole! and squeezing
~quadrupole! parameters, respectively. Both of these para
eters can be expanded using the above approximations.
order of the Born approximation results in the next ord
correction in terms of the quadrupole strength~40!. Thus an
expansion ofc andr is a series

c5d (
n51,2, . . .

c(n)~j!qn21, r5 (
n51,2, . . .

r(n)~j!qn,

~42!

wheren51,2, . . . is thecorresponding Born order. The co
efficientsc(n) andr(n) arej dependent only.

The lowest-order long-range dipole approximation is
textbook example@44#. Using Eq.~12!, we obtain

c'dc(1)5E
2`

`

2 i
Fl~ t !

A2v l

eiv l tdt. ~43!

This leads to
04460
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cx
(1)522i jxK1~jx!, cy

(1)52jyK0~jy!, cz
(1)50.

~44!

We note thatcy
(1) is real andcx

(1) is imaginary.
Using Eq.~23!, the squeezing parameterr can be calcu-

lated in a similar Born-type perturbative manner. In the lo
est order, we obtain

rxx524iqxxjx@K1~2jx!12jK0~2jx!#, ~45a!

ryy58iqyyjy
2K0~2jy!, ~45b!

rxy54qxyAjxjy~jx1jy!K1~jx1jy!, ~45c!

rzz54iqzzjzK1~2jz!. ~45d!

The above results can also be obtained using time-depen
perturbation theory. The first-order excitation probability
the i th direction isPi

I5uci u2. The probability to excite quanta
i , j in a single-step quadrupole process is to the lowest o
Pi , j

II 5(11d i , j )ur i j u2/4. These results can be compared w
the exact transition amplitudes in Eqs.~29! and ~31!.

In the sudden limitj→0, the dipole contribution come
from the transverse direction:cx'22id, while for quadru-
pole excitationsurxxu'urzzu'2q are dominant in this limit.
The adiabatic limitj→` is a textbook example of preserva
tion of adiabatic invariances with exponential precision@45#.

B. Z3 corrections in classical solutions

The long-range dipole contribution is the main part of t
cross section, thus any corrections toc are the most impor-
tant. We denote asc0(t) the inhomogeneous part of the s
lution to Eq.~12!,

c0~ t !52 i E
2`

t

F~ t8!dt8. ~46!

The c0[c0(`)5dc(1) is the previously discussed first Bor
dipole amplitude. The second Born correction, which h
simply means the second-order approximation to the cla
cal solution of Eq.~12! is

idc5E
2`

`

@Q 2c0~ t !1Q 1c0* ~ t !#dt. ~47!

This integral can be studied numerically or perturbative
with respect toj. In Fig. 1 the dependences of the real a
imaginary parts ofc are shown as functions ofj. In the
adiabatic limit, which corresponds to largej, all of these
functions decay exponentially;c(2);exp(22j) as dictated by
the adiabatic nature@45#. Approaching the sudden limit, al
corrections go to zero as powers ofj. In the j→0 limit,
Im cx

(1) is the dominant term, and the lowest-order correct
to it is Im cx

(2)'3pj2. This leads to the following approxi
mation for the probability@11#:

Px54d2~123pqj2!. ~48!
4-5
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The above correction behaves asZ3 with the charge of the
projectile, and reduces the excitation probability in repuls
Coulomb scattering. This correction is completely classic
as it appears in a solution of classical differential equatio
see Ref.@11#. Note that the homogeneous part of Eq.~12!
which is the source of this polarization effect, is caused
the E2 field.

Higher-order corrections to the squeezing parameterr are
relatively large, but are generally less important due to
overall smallness of the quadrupole amplitude. Here ag
we iteratively solve the classical equation~23!. This equation
contains no dipole parameters, thus the correction onr is
self-induced and would not change in the absence of theE1
field. Assuming that

ir0~ t !5E
2`

t

Q 1~ t8!dt85E
2`

`

dt8Q~ t2t8!Q 1~ t8!,

~49!

the second Born correction is

idr5E
2`

`

dt@r0~ t !Q 2~ t !1Q 2* ~ t !r0~ t !#. ~50!

For the case of equal frequencies, this expression can
calculated analytically,

drxx58q2j@K1~2j!22jK2~2j!#2 ipq2j~122j!e22j,
~51a!

drxy522pq2j2e22j28iq2j2K1~2j!, ~51b!

dryy52 ipq2j~112j!e22j, ~51c!

drzz528q2jK1~2j!1
16

3
iq2j2K1~2j!. ~51d!

FIG. 1. The lowest-order polarization corrections to the dip
amplitude are plotted as a function ofj. The inset shows the be
havior of Im(cx

(2)) and Re(cy
(2)) relative to 3pj2.
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In the j→0 limit, excitations due to the quadrupole fie
comes from thex andz directions, leading to the following
approximateE2 contribution to the excitation probability:

DPr52q2@11pqj~124j!#12q2S 11
8

3
qj D . ~52!

The charge asymmetry in this case is of opposite sign, res
ing in an enhanced probability for repulsive interaction. Th
enhancement can only be observed in measurements i
dominant dipole transitions are blocked or restricted.

C. Exact treatment

We start this section by showing the comparison of
exact excitation probability and the first Born dipole appro
mation, PBorn5c0

†c0, see Fig. 2. The harmonic-oscillato
model is rather crude and cannot be used to fully underst
features of the realistic Coulomb dissociation of nucl
However, it can still provide a qualitative picture. For e
ample the Coulomb dissociation of9

17F can be looked at,
assuming that the proton outside the oxygen core is boun
a harmonic potential. The frequency of the oscillator, rela
to the dipole excitation energy, is assumed to be of the or
of 1 MeV. In this case a unit of the oscillator length corr
sponds to 6.4 fm. Assuming Coulomb excitation by28

56Ni, we
haveC56.3. The choice of parameters used in some figu
below is guided by this model. In Fig. 2 we use impa
parameterb54 (b525.6 fm!, C56, and the range of ve
locities from 0.2 to 20~oscillator units!, which corresponds
to the incident energies from 0.02 to 200 MeV/nucleon. T
choice of the impact parameter is restricted by the range
applicability of the multipole expansion,A2b@1. Our dis-
cussions also imply that the probability to find the nucleon
the oscillator at a distance from origin which is larger th
impact parameter, is negligible. Forb52, this probability is

FIG. 2. Excitation probability as a function of incident velocit
at the impact parameterb54. The dashed line is the result of th
repulsive interactionC56. The dotted line corresponds to the a
tractive interactionC526. These results are compared to the fi
Born dipole approximation shown by the solid line.
4-6
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4%, assuming the ground state wave function. However,
b54 that we use, this is less than 1023%.

As seen in Fig. 2, the effects of higher-order correctio
are significant. The difference between repulsive and att
tive interactions is also transparent. This confirms the rec
results of more realistic calculations@1#.

1. Higher-order corrections

From the classical solutions forr and c, exact quantum
results can be extracted using Eq.~27!. In order to discuss
the impact of a quantum treatment, we can make an exp
sion of the exact answer in Eq.~27!, which gives

Px512P00'c†c2
~c†c!2

2
1

1

2
Tr~r†r!2Re~cTr* c!

5PBorn1DPc1DPr1DPinter. ~53!

We identify here three main corrections to the first Bo
dipole excitation probability. The first one is

DPc5c†c2
~c†c!2

2
2PBorn,

which is a correction to the dipole transition probability. It
known that the excitation of a quantum oscillator by an e
ternal force creates a coherent state. The dipole amplitudc,
which is related to a classical shift of the oscillator from
equilibrium position, appears in the exponent of Eq.~27!.
This accounts for all second- and higher-orderE1 processes
Exponentiation of the dipole amplitude, in order to accou
for the loss of strength to multiphonon excitations, has b
previously discussed@46#. We stress here that other parts
DPc are of classical origin and mainlyZ3 dependent. They
come from the effect of the quadrupole field on the shift
the oscillator from its equilibrium. This creates a deviation
c from the Born resultc0, as discussed in Sec. III B.

The next term in Eq.~53!,

DPr5Tr~r†r!/2,

is a quadrupole contribution, which comes from the exp
sion of the square root in Eq.~27!. Similar to the exponent in
the dipole term, the use of the square root accounts for
higher-order quadrupole transitions.

Finally, a very interesting and purely quantum interfe
ence effect appears through the last term in Eq.~53!,

DPinter52Re~cTr* c!.

Although it may seem that this is a quantum Barkas corr
tion, correction vanishes to lowest order. This follows fro
Eqs.~44! and ~45!.

In Fig. 3 the absolute values ofDPc , DPr , andDPinter
relative to the first BornE1 probability are plotted as func
tions of velocity. The figure demonstrates that dominant c
rections to the first-order dipole probability come fro
second- and higher-order dipole transitions, and from
lowest-order quadrupole. The interference term contribu
only on the level of 1%, and quickly vanishes in the sudd
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limit. As discussed above, the interference term vanishe
orderZ3. Thus it is aZ4 term to the leading order.

2. Z dependence

In order to examine theZ-odd part of the excitation prob
ability from a different point of view, we introduce the Ba
kas factor

B5
Px~Z!2Px~2Z!

Px~Z!1Px~2Z!
. ~54!

As discussed above, this effect owes its existence to the c
sical dynamic interplay betweenE1 andE2 fields. With the
validity of a multipole expansion, the bulk of this correctio
is expected to be proportional to the quadrupole amplitudeq.
In Fig. 4, B/q is plotted as a function ofj. Various cases

FIG. 3. Corrections to the first BornE1 probability. Values are
relative toPBorn. Logarithmic scale is used to show contributions
very different magnitude. CorrectionsDPc /PBorn, DPr /PBorn, and
DPinter /PBorn, are shown in dotted, dashed, and solid lines, resp
tively. Parametersb54 andC56 are used for this figure.

FIG. 4. The Barkas factor as a function ofj, for various param-
eters. The classical correction to the sudden limit, 3pj2, is shown
by a dashed curve.
4-7



ti
tio

th

o
pl
he

e

o
le
wi
u

y
re

n
th

ia
g

e

o-
at
ole

x-
the
o-

ly,
d
nd

pli-

on
h
the
nter-
ob-
ut

. In
at

ld
b-

ed
x-
a
pli-

lem

he
-
ul

on

ALEXANDER VOLYA AND HENNING ESBENSEN PHYSICAL REVIEW C66, 044604 ~2002!
corresponding to different impact parameters and projec
charges are considered. In the second Born approxima
the B/q is only a function ofj, thus independent of both
charge and impact parameter@13#. Deviations observed on
the plot emphasize the significance of other corrections
scale as higher powers inq and higher odd powers inZ.

The charge asymmetry related to the dipole-quadrup
interference appears naturally in various transition am
tudes. Figure 5 shows the transition probability from t
ground state to the state with two quanta in thez direction. In
this transition, the vanishing out-of-plane dipole force mak
the quadrupole term dominant. As demonstrated by Eq.~52!,
the Z3 Barkas-type charge dependence of the quadrup
term r is of the opposite sign in comparison to the dipo
quadrupole case shown in Figs. 2 and 4. In agreement
this, an enhancement of the excitation probability in rep
sive Coulomb interaction is observed in Fig. 5.

3. Interplay of dipole and quadrupole fields

Our harmonic-oscillator model incorporatesE1 and E2
electromagnetic processes exactly. The role and interpla
these processes in multiphonon excitation may be of inte
in the physics of giant dipole resonances~GDR! @46,47#.
Although precise calculations with inclusion of the releva
microscopic physics of GDR are beyond the scope of
paper, we consider here the effect that theE2 process plays
in the two-phonon excitation probability

P0,25(
i , j

u^ i j uUu0&u2.

We introduce a quadrupole coupling strengthx which simply
scales the quadrupole part of the perturbation Hamilton
~2!. This can be viewed as scaling the quadrupole stren
q→xq. The limitsx50 andx51 naturally correspond to th
cases whereE2 is neglected and whereE2 is at its natural
value, respectively. Equation~31!, as one would expect from

FIG. 5. The transition probability from the ground state to t
two-quantum excitated state in thez direction is shown as a func
tion of incident velocity. Solid and dotted lines correspond to rep
sive and attractive Coulomb force, respectively.
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the perturbation theory, shows that the amplitude for a tw
phonon excitation is given by the sum of two terms th
reflect the first-order quadrupole and second-order dip
processes. TheE1 andE2 interplay is not trivial here, and
comes in several places. The first term in Eq.~31! at large
quadrupole strength is directly proportional tox. Thus in this
limit, a quadratic scaling of the excitation amplitude is e
pected. At a smaller strength a substantial contribution to
second term in Eq.~31! appears as a classical dynamic p
larization effect, influencing the amplitudec. This can reduce
the excitation probability for a repulsive interaction. Final
the phases of terms in Eq.~31! can interfere. It must be note
that the dynamic polarization disappears at very low a
very high velocities. Also bothd;1/v andq;1/v, but since
the dipole comes in the second order, the quadrupole am
tude dominates at high velocity, leading to

P0,2~x!54q2x2. ~55!

In Fig. 6, the two-phonon excitation probability as a functi
of the coupling strengthx is shown relative to the case wit
no E2, x50. Observed features are in agreement with
above discussion. Cases corresponding to the repulsive i
action, shown by solid lines, always lead to reduced pr
ability, as compared to kinematically identical situations, b
attractive interaction~dashed lines!. The dynamic polariza-
tion effect is maximized aroundv53, which is consistent
with the enhanced charge asymmetry observed in Fig. 2
this velocity regime, the polarization effect is so strong th
for repulsive interactions, ‘‘turning on’’ the quadrupole fie
(x51) leads to a reduction of a two-phonon excitation pro
ability.

IV. CONCLUSIONS

In this work we considered a simple model of a charg
particle in a harmonic-oscillator potential. The system is e
cited by the electric dipole and quadrupole fields of
charged projectile passing by. We have developed an ap
cation of the squeezed-state formalism to solve this prob

-

FIG. 6. Relative two-phonon excitation probability as a functi
of the quadrupole strength.
4-8
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exactly. In terms of the one-phonon dipole excitation amp
tudesc and the direct two-phonon quadrupole excitation a
plitudesr, we derived simple expressions for various tran
tion amplitudes, and the total and multiphonon excitat
probabilities. The parametersc and r are determined from
classical equations. Our results are exact for a harmonic
cillator. For a general case, they can be used as a param
zation, extending the higher-order~multiphonon! dipole ap-
proximation introduced by Norbury and Baur@46# to include
the quadrupole field and related interference effects.

We discussed the interplay between the electric dipole
quadrupole fields, and the resulting effects on various e
tation probabilities. In the intermediate range of energ
between instant and adiabatic limits (0.5,j,7), the influ-
ence of dynamic polarization dominates. It was shown t
the origin of this effect is purely classical. The quadrupo
polarization influences the effect of the dipole force, lead
to a significant change in the excitation probability. This ph
nomenon, known in the stopping power theory as the Bar
effect, in the lowest-order leads to aZ3 charge dependence
and reduces the excitation probability for repulsive Coulo
interactions. We found a similar classical effect of se
induced polarization in the quadrupole amplitude. This eff
is of the opposite sign, and for the same repulsive kinema
e
ett

e

.

ur
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it results in an enhancement of the quadrupole amplitu
The effect was demonstrated inz-polarized two-phonon ex-
citations. Our exact results exhibit some additional high
order quantum contributions, but corrections from these
small. We presented a number of numerical calculations
plots which demonstrate a variety of observable phenom
which can be attributed to theE1-E2 interplay.

By presenting this work we hope to introduce the coh
ent plus squeezed-state formalism to the field of nuclear
action physics and nuclear excitations. Numerous deve
ments that use dipole excitations can be extended to inc
quadrupole transitions. Not every physical situation can
described by a harmonic oscillator. However, armed with
exact solution and a full set of time-dependent wave fu
tions, perturbation theory based on squeezed states can
promising future direction.
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